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Trigonometric Convexity for the Multidimensional Indicator after
Ivanov

Aleksandr Mkrtchyan

amkrtchyan@instmath.sci.am

Institute of Mathematics NAS, Siberian Federal University

The concept of indicator is well-known for analytic functions in one complex
variable. Multidimensional indicator after Ivanov is a generalization of that con-
cept for analytic functions in several complex variables. We state the trigonometric
convexity for n-dimensional indicator after Ivanov [1].

Defination 1. Denote by Exp (α1, . . . , αn) the class of functions f that are
analytic and of finite exponential type in ∆α1

× · · · ×∆αn
,

where ∆αj
= {zj ∈ C \ {0} : |arg (zj)| < αj < π/2} .

Defination 2. Namely, Ivanov introduced the following set:

Tf(θ⃗) = {ν⃗ ∈ Rn : ln |f(r⃗eiθ⃗)| ≤ ν1r1 + ...+ νnrn + Cν⃗,θ⃗, for all r⃗ ∈ Rn
+},

here r⃗eiθ⃗ is the vector (r1e
iθ1, ..., rne

iθn). The set Tf(θ⃗) implicitly reflects the notion
of an indicator of an entire function.

Theorem Let a function f ∈ Exp (α1, . . . , αn) and the numbers A+
1 , A

−
1 . . . ,

A+
n , A

−
n satisfy (

Al1
1 , . . . , A

ln
n

)
∈ T f (l1α1, . . . , lnαn) ,

where lj = ±, j = 1, . . . , n. Then

(C1, . . . , Cn) ∈ T f (θ1, . . . , θn) ,

where the constants C1, . . . , Cn determine from the following formulas:

Cj sin (2αj) = A+
j sin (θj + αj) + A−

j sin (αj − θj) , j = 1, ..., n.

Remark Theorem is sharp: that is, there exists a function f for whom: the
assumptions of theorem are satisfied, and the inequality is an equality.
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This is a joint work with Armen Vagharshakyan.

References
[1] A. Mkrtchyan, A. Vagharshakyan, Trigonometric convexity for the multidimen-
sional indicator. Canadian Journal of Mathematics,
10.4153/S0008414X24000014, (2024).

The Self-Interacting Dirac fields in FLRW spacetime

Anahit Galstyan

anahit.galstyan@utrgv.edu

School of Mathematical and Statistical Sciences, University of Texas RGV,
Edinburg, TX, U.S.A.

In this talk we study solutions of the semilinear Dirac equation in the curved
spacetime of the FLRW models of cosmology. We describe the relationship be-
tween the mass term, scale factor, nonlinear term, and initial function, which
provides a global in time existence or an estimate on the lifespan of the solution
of the Dirac equation in the expanding universe. The conditions on the imaginary
part of mass will be discussed by proving nonexistence of the global solutions if
certain relation between scale factor and the mass are fulfilled.
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Phase transitions in logic

Andreas Weiermann

Andreas.Weiermann@UGent.be

Department of Mathematics, Ghent University

We will cover several attractive examples of phase transitions related to unprov-
ability results for first order Peano arithmetic.

Here the underlying idea is to consider parameterized sentences which are prov-
able in arithmetic for small parameters and which become unprovable in arithmetic
for large enough parameters.

Moreover we assume that if such a sentence is unprovable for some parameter
then it stays unprovable for larger parameters as well.

It is then natural to investigate in these situation phase transition thresholds
and phase transition windows around the threshold points.

In our presentation we will treat examples where the description of the thresh-
olds is based on tools from mathematical analysis, like generating functions and
Tauberian theorems.

Our results bridge a gap between mathematical disciplines which are unrelated
at first sight. The talk will be addressed at a general mathematical audience and
no specific familiarity with logic will be presupposed.

References
[1] A. Weiermann, Phase transitions for Gödel incompleteness. Ann. Pure Appl.
Logic 157 (2009), no.2-3, pp. 281- 296.
[2] Weiermann, Andreas Analytic combinatorics of the transfinite: a unifying
Tauberian perspective. Logic Colloquium 2007, pp. 238-267. Lect. Notes Log.,
35Association for Symbolic Logic, La Jolla, CA, 2010
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Normal solvability and Fredholm properties of regular hypoelliptic
operators

Ani Tumanyan

ani.tumanyan@rau.am

Department of Mathematics, Russian-Armenian University

We study normal solvability and Fredholm properties of Hörmander’s hypoellip-
tic operators associated with multi-quasi-elliptic symbols. The considered class,
termed regular hypoelliptic operators, is a generalization of elliptic, parabolic,
2b–parabolic, and quasielliptic operators. The analysis of these operators has
certain challenges, as their corresponding characteristic polynomials are “multi-
quasi-elliptic” rather than homogeneous like in the elliptic case.

Solvability conditions, a priori estimates, and Fredholm properties have been
studied for special classes of hypoelliptic operators in various functional spaces,
but most of the results are related to elliptic and quasielliptic operators (see,
for example, [1, 2, 3]). The Fredholm solvability for specific classes of regular
hypoelliptic operators is studied in works [4, 5].

In this work, we establish normal solvability and a priori estimates for regular
hypoelliptic operators with special variable coefficients, acting in multianisotropic
Sobolev spaces. We obtain Fredholm criteria for the special classes of regular
hypoelliptic operators in various scales of weighted and non-weighted multian-
isotropic spaces. We also provide applications to the smoothness of solutions,
index invariance on the scale, and spectral properties of such operators.

References
[1] G. A. Karapetyan, A. A. Darbinyan, The index of semielliptic operators in Rn.
Journal of Contemporary Mathematical Analysis, 42, N5 (2007), pp. 278–291.
[2] G. V. Demidenko, Quasielliptic operators and Sobolev type equations. Siberian
Mathematical Journal, 50, N5 (2009), pp. 1060–1069.
[3] A. A. Darbinyan, A. G. Tumanyan, On index stability of Noetherian differential
operators in anisotropic Sobolev spaces. Eurasian Mathematical Journal, 10, N1
(2019), pp. 9–15.
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[4] A. G. Tumanyan, A Priori Estimates and Fredholm Criteria for a Class of Reg-
ular Hypoelliptic Operators. Siberian Advances in Mathematics, 33, N2 (2023),
pp. 151-164.
[5] A. G. Tumanyan, Fredholm criteria for a class of regular hypoelliptic operators
in multianisotropic spaces in Rn. Italian Journal of Pure and Applied Mathemat-
ics, 48 (2022), pp. 1009–1028.

On polynomial solutions of PDE with constant coefficients

Anna Gharibyan, Hakop Hakopian

an.gharibyan@gmail.com, hakop@ysu.am

Faculty of Informatics and Applied Mathematics, Yerevan State University

Let Πk
n be the space of polynomials in k variables of total degree at most n and

let Πk be the space of all polynomials in k variables.
Suppose that for a polynomial p ∈ Πk the point θ := (0, . . . , 0) ∈ Ck is an

n0 fold zero, i.e. p does not contain any monomial of total degree ≤ n0 − 1 and
contains at least a monomial of total degree n0.

In this paper, we prove that then for each q ∈ Πk
n the partial differential equation

p(D)f = q (1)

has a polynomial solution from the space Πk
n0+n.

Moreover, for any m ≥ 0, the homogeneous PDE p(D)f = 0 has exactly(
m+ k

k

)
−

(
m− n0 + k

k

)
linearly independent solutions in Πk

m.
Note that obviously the PDE (1) has no polynomial solution from the space

Πk
n0+n−1 if q /∈ Πk

n−1.
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Let us now consider the special case n0 = 0, i.e. p(θ) ̸= 0. Then the homogeneous
PDE has only a trivial solution. We therefore obtain that the PDE (1) has a unique
solution in Πk

n which is at the same time the unique solution in each Πm, m ≥ n.
At the end, a method for solving the PDE (1) is presented.

References
[1] A. Gharibyan, H. Hakopian, On polynomial solutions of PDE, arXiv math.AP/2106.00272v1.

Generalized Abel-Plana formula as a renormalization tool in quantum
field theory

Aram Saharian

saharian@ysu.am

Institute of Physics, Yerevan State University

In quantum field theory the vacuum expectation values of physical observables
bilinear in the field operator diverge. Among the most important points in the
investigations of those expectation values is the regularization of divergent ex-
pressions, separation of divergences and the renormalization. In problems with
boundaries the boundary conditions imposed on the field operator modify the
spectrum of vacuum fluctuations and as a consequence the expectation values of
physical characteristics are shifted by an amount that depends on the bulk and
boundary geometries and on the boundary conditions. For compact boundaries
the eigenvalues of quantum numbers are quantized by the boundary conditions.
Usually those eigenvalues are given implicitly, as roots of some transcendental
equations. The expressions for vacuum expectation values of observables contain
divergent series over the eigenvalues. In the analog problem without boundaries
an integral appears instead of the series. As a result, the shifts in the expectation
values of physical observables is expressed in the form of the difference of the di-
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vergent series and the corresponding integral. In problems with planar boundaries
a finite integral representation for that difference is provided by the Abel-Plana
summation formula. The generalization of the Abel-Plana formula suggested in
[1] (see also [2]) allows to obtain similar representations for more general classes of
series where the summation goes over the zeros of a given function. Applications
have been discussed in quantum field theoretical problems with curved boundaries.
In particular, they include problems with spherical and cylindrical boundaries in
the Minkowski spacetime [3,4], where the eigenvalues of the radial quantum num-
ber are expressed in terms of the zeros of combinations of the Bessel function and
its first derivative. Series over those zeros also appear in the vacuum expecta-
tion values for bilinear characteristics of quantum fields in braneworld models on
background of anti-de Sitter spacetime [5]. We also discuss a summation formula
for series over the zeros of the associated Legendre function of the first kind with
respect to its order. Applications are given in problems with spherical boundaries
in spacetime with constant negative curvature spatial sections and in de Sitter
spacetime described by hyperbolic coordinates [6].

References
[1] A. A. Saaryan, A generalized Abel-Plana formula. Applications to cylindrical
functions. Izv. AN Arm. SSR Mat. 22 (1987), 70-86.
[2] A. A. Saharian, The Generalized Abel-Plana formula with applications to Bessel
functions and Casimir effect (Yerevan State University Publishing House, Yere-
van, 2008); Report No. ICTP/2007/082; arXiv:0708.1187.
[3] A. A. Saharian, Scalar Casimir effect for D-dimensional spherically symmetric
Robin boundaries. Phys. Rev. D 63 (2001), 125007.
[4] A. Romeo, A. A. Saharian, Vacuum densities and zero-point energy for fields
obeying Robin conditions on cylindrical surfaces. Phys. Rev. D 63 (2001), 105019.
[5] S. Bellucci, A. A. Saharian, H. G. Sargsyan, V. V. Vardanyan, Fermionic vac-
uum currents in topologically nontrivial braneworlds: Two-brane geometry. Phys.
Rev. D 101 (2020), 045020.
[6] A. A. Saharian, T. A. Petrosyan, Casimir densities induced by a sphere in the
hyperbolic vacuum of de Sitter spacetime. Phys. Rev. D 104 (2021), 065017.
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On unitary representations of almost Abelian groups

Arman Bayramyan

arman.bayramyan@ysu.am

Department of Mathematics and Mechanics, Yerevan State University

An almost Abelian group is a non-Abelian Lie group with a codimension-1
normal subgroup. These groups are significant in various fields of geometry and
physics, making their comprehensive study highly valuable. This talk focuses on
constructing irreducible unitary representations of almost Abelian groups using
the Mackey machine, along with calculating the resulting stabilisers and orbits of
the action of automorphisms on the dual space.

Joint work with Zhirayr Avetisyan and Gagik Melkumyan.

On weighted integral operators for solutions of ∂−equation in the
Siegel domain of Cn

Arman Karapetyan

armankar2005@rambler.ru

Institute of Mathematics, National Academy of Sciences of Armenia

Let us write an arbitrary η = (η1, η2, . . . , ηn) ∈ Cn as η = (η1, η
′), where η′ =

(η2, . . . , ηn) ∈ Cn−1. Let < •, • > be the Hermitean inner product in Cn, i.e.
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< ω, η >=
n∑

k=1

ωk · ηk ≡ ω1 · η1+ < ω′, η′ >

for arbitrary ω = (ω1, ω
′) ∈ Cn, η = (η1, η

′) ∈ Cn. Further, put

|η|2 =
n∑

k=1

|ηk|2 ≡ |η1|2 + |η′|2, ∀η = (η1, η
′) ∈ Cn.

The Siegel domain in the space Cn is defined as follows:

Ωn = {(η1, η′) ∈ Cn : Imη1 > |η′|2}. (1)

For n = 1, Ωn can be naturally interpreted as the upper half-plane Π+ ⊂ C. For
complex number β(Reβ > −1) and for functions f(η) ∈ C1(Ωn), let us introduce
two integral operators:

Pn,β(f)(ω) = 2n−1+β · cn,β ·
∫
Ωn

f(η)(Imη1 − |η′|2)β

(i(η1 − ω1)− 2 < ω′, η′ >)n+1+β
dm(η), ω ∈ Ωn,

(2)

where cn(β) =
1
πn · Γ(n+1+β)

Γ(1+β) and dm is the Lebesgue measure in Cn ≡ R2n, and

Tn,β(∂f)(ω) = 2n+β · cn,β ·
∫
Ωn

< (∂f)(η), η − ω >
(Imη1 − |η′|2)β+1

(i(η1 − ω1)− 2 < ω′, η′ >)β+1
×

×
n−1∑
p=0

Cp
n−1

(−4)p

p+ 1 + β

(
(Imω1 − |ω′|2)(Imη1 − |η′|2)
|i(η1 − ω1)− 2 < ω′, η′ >|2

)p

×

× (i(ω1 − η1)− 2 < η′, ω′ >)n−1(
|i(η1 − ω1)− 2 < ω′, η′ >|2 − 4(Imω1 − |ω′|2)(Imη1 − |η′|2)

)ndm(η), ω ∈ Ωn,

(3)
where

< (∂f)(η), η − ω >=
n∑

i=1

∂f(η)

∂ηi
(ηi − ωi).

In [1](A.H.Karapetyan, 2006) the integral representation

f(ω) = Pn,β(f)(w)− Tn,β(∂f)(ω), ω ∈ Ωn. (4)
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was established for functions f(η) ∈ C1(Ωn) satisfying together with (∂f)(η) cer-
tain integral conditions. In the case of holomorphic functions the representa-
tion (4) was proved in [2](F.Ricci, M.Taibleson,1983), [3](M.M.Djrbashian,
A.E.Djrbashian,1985)(when n = 1) and [4] (M.M.Djrbashian, A.H.Karapetyan,1987,1993)
(when n > 1).

The following assertion is true:
Theorem. Assume that u(η) =

∑n
k=1 uk(η)dηk (η ∈ Ωn) is a ∂−closed C1-

differential form of type (0, 1) with compact support. In other words, u(η) =
(u1(η), u2(η), . . . , un(η)) is a C

1−vector-function in Ωn with compact support such
that ∂uk(η)/∂ηj ≡ ∂uj(η)/∂ηk(1 ≤ k, j ≤ n), η ∈ Ωn. Then the function fβ(ω) ≡
−Tn,β(u)(ω) is a solution of the equation ∂f = u.

References
[1] A.H.Karapetyan, Weighted ∂ -integral representations of smooth functions in
the Siegel domain, Izv. Nat. Akad. Nauk Armenii, Matematika 41 (2006), N3,
pp.56-70[in Russian].
[2] F.Ricci and M.Taibleson, Boundary values of harmonic functions in mixed
norm spaces and their atomic structure, Ann. Sc. Norm. Su ser. 4 (1983), N10,
pp.1-54.
[3] M.M.Djrbashian and A.E.Djrbashian, Integral representations for some classes
of analytic functions in the half-plane, Dokl.Akad.Nauk SSSR 2 (1985), N3, pp.547-
550[in Russian].
[4] M.M.Djrbashian and A.H.Karapetyan, Integral representations for some classes
of functions holomorphic in the Siegel domain, J. Math. Anal. Appl. 179 (1993),
N1, pp.91-109.
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Discrete-time replicator equations and optimal transport networks

Armen Bagdasaryan

armen.bagdasaryan@aum.edu.kw

Department of Mathematics, College of Engineering and Technology, American
University of the Middle East, Kuwait

Evolutionary game dynamics [1], including replicator dynamics, have a wide
range of applications across various fields, such as biology and ecology, economics,
social dynamics, multi-agent systems and learning. It rests upon dynamical sys-
tems methods applied to game theory, and can be described by many types of
dynamical systems, including ordinary differential equations (e.g., the replicator
equation), differential inclusions (the best response dynamics), reaction-diffusion
systems. In this context, the inefficiency of Nash equilibrium with respect to the
global system optimum in noncooperative games [2], which is quantified by the
so-called price of anarchy, has received considerable attention.

In this talk, we consider an unexpectedly new field of application of replica-
tor dynamics and present the discretized version of continuous time dynamics by
proposing the discrete-time replicator equations for the study of optimal transport
networks with congestion. We first introduce the concept of a Wardrop optimal
network that admits Wardrop optimal flows that are both Nash equilibrium and
system optimum, and are the only networks with the price of anarchy exactly
equal to its least value 1, thus resolving the long-standing problem of Dafermos
[3]. Then we present a novel dynamical model of optimal flow distribution on
Wardrop optimal networks, using the ideas of evolutionary game theory, which
unlike the classical game theory, focuses on the dynamics of strategy change. In
fact, the primary way to study the evolutionary dynamics is through replicator
equations that show the growth rate of the proportion of agents using a certain
strategy and that rate is equal to the difference between the average payoff of that
strategy and the average payoff of the agents population as a whole. The key
idea is that replicators whose fitness is larger (smaller) than the average fitness
of population will increase (decrease) in numbers. The dynamic stability analysis
of stationary solutions of replicator equations complement the static approach to
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evolutionary games.
Our dynamical model is based on discrete-time mean field replicator equations

given on probability simplices and generated by nonlinear similar-order preserving
mappings [4, 5]. In particular, we consider the discrete-time replicator dynamical
systems generated by convex differentiable functions [6], and by Schur potential
functions [7], namely, by gradient vector fields of Schur-convex functions, which
give rise to discrete-time replicator equations in partial derivatives; this will also
be exemplified by employing complete symmetric functions, gamma functions,
and symmetric gauge functions as those that generate the replicator dynamics.
Our main focus is on analyzing the dynamics, convergence, and stability of the
replicator dynamical system, providing insights into how these systems evolve over
time. We discuss Nash equilibria, convergence to fixed points, and asymptotic
stability conditions of the replicator equation dynamics that are studied with the
use of the tools from dynamical systems theory such as Lyapunov functions. For
the replicator dynamical system under study, the Nash equilibrium, the Wardrop
equilibrium, and the system optimum represent the same point in the state space,
i.e., flow in the network. We also discuss the results of simulation that validate
the theoretical results, where, inter alia, we analyze the convergence rate of orbits
of replicator dynamical system to fixed points for different types of functions that
generate the replicator equation. The proposed replicator dynamical model can
also be used in neural network analysis and learning dynamics [8].

References

[1] J. Hofbauer, K. Sigmund, Evolutionary game dynamics, Bull. Amer. Math.
Soc. 40 (2003), pp. 479-519.

[2] J. F. Nash, Non-cooperative games, Ann. Math. 54 (1951), pp. 287-295.

[3] S. Dafermos, F. T. Sparrow, The traffic assignment problem for a general net-
work, J. Res. National Bureau Standards B 73B (1969), pp. 91-118.

[4] M. Saburov, General and historic behaviour in replicator equations given by
nonlinear mappings, Russ. Math. Surv. 78(2) (2023), pp. 189-190.

[5] M. Saburov, Stable and historic behavior in replicator equations generated by
similar-order preserving mappings, Milan J. Math. 91(1) (2023), pp. 31-46.

[6] A. Bagdasaryan, A. Kalampakas, M. Saburov, Dynamics of replicator equations
on Wardrop optimal networks. Russ. Math. Surv. 79(1) (2024), pp. 187-188.
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[7] A. Bagdasaryan, Optimal flows in transportation networks, affine-nonlinear
network deformations, and replicator dynamical systems generated by Schur
functions, Uspekhi Mat. Nauk/Russ. Math. Surv. (2024), accepted.

[8] A. Bagdasaryan, A. Kalampakas, M. Saburov, Discrete-time replicator equa-
tions on parallel neural networks, Communications in Computer and Informa-
tion Science 2141 (2024), to appear.

Isometry Theorems for Omega-Weighted Hardy Type Spaces

Armen Jerbashian

armen jerbashian@yahoo.com

Institute of Mathematics of the National Academy of Science of Armenia

The talk is devoted to some theorems on isometry and Paley-Wiener type the-
orems, interpolation and biorthogonal systems in several weighted Hardy type
spaces of functions holomorphic in the unit disc, in the half-plane and in the
entire complex plane, which is a part of the general theory of functions of omega-
bounded type presented in [1].

References
[1] A. M. Jerbashian, J. E. Restrepo, Functions of Omega-Bounded Type, Basic
Theory, Birkhäuser, Switzerland (2024).
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Control and stabilisation for the Burgers equation

Armen Shirikyan

armen.shirikyan@u-cergy.fr

Department of Mathematics, University of Cergy-Pontoise

We give an overview of various results on exact and approximate controllability
of the Burgers equations by an external force localised in space. It will be shown
that, due to the strong nonlinear dissipation, some areas of the phase space are not
accessible, even if the size of control and time are arbitrarily large. We next turn
to the problem of controllability to trajectories and prove that ow generated by the
problem in question is globally exponentially stable. Together with the classical
result on local exact controllability due to Fursikov Imanuvilov, this proves that
the Burgers equation is exactly controllable to trajectories in a nite time not
depending on the initial states

On a Dirichlet Problem for one Class of Properly Elliptic Equation

Armenak Babayan

barmenak@gmail.com

Faculty of Applied Mathematics and Physics, National Polytechnic University of
Armenia

LetD = {z : |z| < 1} be the unit disc of the complex plane and Γ = {z : |z| = 1}
its boundary. We consider in D an equation(

∂

∂z̄
− µ

∂

∂z

)N (
∂

∂z
− ν

∂

∂z̄

)N

U = 0, (x, y) ∈ D, (2)

where µ and ν are the complex constants, which satisfy the conditions: µν ̸= 0,
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|µ| < 1, |ν| < 1, that is the equation (2) is properly elliptic. We seek the solution U
in the class of functions 2N times continuously differentiable in D and continuous
in D

⋃
Γ with derivatives up to the order N − 1. This solution on the boundary

Γ satisfies the Dirichlet condition:

∂kU

∂rk
|Γ = fk(x, y), (x, y) ∈ Γ, k = 0, 1, . . . , N − 1, (3)

where fk ∈ CN−1−k(Γ) are the given functions, and ∂
∂r and ∂

∂θ are the derivatives
by the modulus and argument of the complex number (z = reiθ) respectively.

It is known, that this problem is Fredholmian (see [1]). We want to find the de-
fect numbers of the problem, that is the number of linearly independent solutions
of homogeneous problem (when fk ≡ 0) and the number of linearly independent
conditions for the solvability of the in-homogeneous problem. If the solution U of
the equation (2) belongs to the class C2N(D)∩C(N−1,α)(D∪Γ) and given boundary
functions fk for (k = 0, N − 1) are in the class C(N−k−1,α)(Γ), the problem was
efficiently studied in numerous works (brief historical overview see in [2]). In par-
ticular, in [3] the formula for determination of the defect numbers of the problem
(2), (3) by the coefficients of (2) was found.

In the talk we will present the new formula for the defect numbers of the prob-
lem, and investigate effectively the problem (2), (3) in the space of continuous
functions, that is we will find in explicit form the linearly independent solutions of
the homogeneous problem and the linearly independent conditions for solvability
of the in-homogeneous problem.

References
[1] J.-L. Lions, E. Magenes. Problèmes aux limites non homogènes et applications.
Vol. I. Dunod. Paris (1968).
[2] A.H. Babayan, S.H. Abelyan. On a Dirichlet problem for one improperly elliptic
equation. Modern methods in operator theory and harmonic analysis. OTHA
2018, Springer. (2019), pp. 317-337..
[3] A.H. Babayan, Dirichlet problem for properly elliptic equation in unit disc.
Izvestiya NAN Armenii. Matematika, 38 (2003), N6, pp. 1-10.
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MindFlayer: Efficient Asynchronous Parallel SGD in the Presence of
Heterogeneous and Random Worker Compute Times

Artavazd Maranjyan

arto.maranjyan@gmail.com

AI Initiative, KAUST

We study the problem of minimizing the expectation of smooth non-convex
functions with the help of several parallel workers whose role is to compute stochas-
tic gradients. In particular, we focus on the challenging situation where the
worker compute times are arbitrarily heterogeneous and random. In the sim-
pler regime characterized by arbitrarily heterogeneous but deterministic compute
times, Tyurin and Richtárik [1] recently proposed the first optimal asynchronous
SGD method, called Rennala SGD, in terms of a novel complexity notion called
time complexity. The starting point of our work is the observation that Rennala
SGD can have bad and even arbitrarily bad performance in the presence of ran-
dom compute times. To advance our understanding of stochastic optimization in
this challenging regime, we propose a new asynchronous SGD method, for which
we coin the name MindFlayer SGD, and perform theoretical time complexity
analysis thereof. Our theory and empirical results demonstrate the superiority of
MindFlayer SGD over existing baselines, including Rennala SGD.

References
[1] Tyurin, A. and Richtárik, P. (2024). Optimal time complexities of parallel
stochastic optimization methods under a fixed computation model. Advances in
Neural Information Processing Systems, 36.
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On universal (in the sense of signs) Fourier series with respect to the
Walsh system

Artsrun Sargsyan

asargsyan@ysu.am

Department of Mathematics, Yerevan State University

The talk is based on a joint works with Martin Grigoryan
In recent years, we have obtained several results (see [1-5] ) related to the

existence and description of the structure of functions (universal functions), whose
Fourier series with respect to the Walsh system are universal in a certain sense
for diferent function classes. Let Φ = {φk(x)}∞n=0 be an orthonormal system on
[0, 1) and let f ∈ L1[0, 1). We denote by ck(f) the Fourier coefcients of function
f with respect to the system Φ, that is ck(f) =

∫ 1

0 f(x)φk(x)dx.
Defnition 1. We say that a functionU ∈ L1[0, 1) is universal for the space

L0[0, 1) (L0[0, 1) is the class of all almost everywhere finite, Lebesgue measur-
able functions on [0, 1)) with respect to system Φ in the sense of signs, if for
each function f ∈ L0[0, 1) one can choose numbers δk = ±1 so that the series∑∞

k=1 δkck(U)φk(x) converges to f almost everywhere on [0, 1) (almost everywhere
or in measure on [0, 1) ).

Defnition 2. We say that a function U ∈ L1[0, 1) is universal for a space
Lp[0, 1) (a weighted space Lp

µ[0, 1)) with respect to system {φk(x)}∞n=0 in the sense
of signs, if for each function f ∈ Lp[0, 1) (f ∈ Lp

µ[0, 1)), p > 0 one can choose
numbers δk = ±1 so that the series

∑∞
k=1 δkck(U)φk(x) converges to f in Lp[0, 1)

metric,

The following theorems are true
Theorem 1. There is a function U ∈ L1[0, 1) with strictly decreasing Fourier

coefficients which is universal for all spaces Lp[0, 1) p ∈ (0, 1) with respect to
the Walsh system in the sense of signs.

Theorem 2. For each ϵ > 0 there exist a measurable set E ⊂ [0, 1], with
measure |E| > 1− ϵ and a weight

function 0 < µ(x) ≤ 1 with condition µ(x) = 1 on E, so that for every function
f ∈ L1[0, 1) one can fnd a function
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g ∈ Lp[0, 1), which coincides with f on E and is universal for the weighted space
Lp
µ[0, 1) with respect to Walsh system in the sense of signs.

Note that there is no a function U ∈ L1[0, 1) -universal for space L1[0, 1) with
respect to the Walsh system in the sense of signs. Note also that in [5] is proved
that there is a function U ∈ L1[0, 1) with strictly decreasing Fourier coefficients
which is universal for all spaces L0[0, 1) with respect to the Walsh system in
the sense of signs.
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Irreversibility and Time’s Arrow in a Classical Three-Body Dynamical
System

Ashot Sergey Gevorkyan
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The question of a strict explanation of the quantum-classical transition for
dynamical systems, the classical analogues of which are non-integrable chaotic
Poincaré systems, remains open (see Arnold-Berry theorem [1]). To solve this
problem, the answer to the question is fundamentally important, namely: is irre-
versibility fundamental to the description of classical Hamiltonian mechanics? To
answer this question, we examined the classical three-body problem, formulating
it in conformal Euclidean space and proving the equivalence of the developed rep-
resentation to the Newtonian three-body problem [2]. It is shown that conformal
Euclidean-Riemannian space with a local coordinate system makes it possible to
discover new hidden symmetries of the internal motion of a dynamical system.
This allows us to reduce the mathematical problem of three bodies instead of the
8th one to a 6th order system (six first order ODEs).

Nevertheless, the most important result of the developed representation is that
the chronologizing parameter of the movement of a system of particles, which we
call internal time, is, generally speaking, fundamentally irreversible. Moreover,
in global Jacobi coordinates, using the example of a specific model of particle in-
teraction, it is shown that internal time is three-dimensional, heterogeneous and
chaotic. The last circumstance is equivalent to considering a 6th order system as
a system of stochastic differential equations of Langevin type with a power of fluc-
tuation equal to the Lyapunov exponent for thedivergence of two close geodesic
trajectories. Using the distribution of geodesic trajectories in a current tube,
the entropy and complexity criterion of a low-dimensional dynamical system are
determined. Assuming that the initial randomness satisfies the Gauss-Markov cor-
relation conditions, we obtain a second-order PDE for the probability distribution
of the flow of geodesic trajectories in 6D phase space. By using the distribution
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of trajectories in a current tube, the entropy is constructed and a criterion for the
complexity of a low-dimensional dynamical system is determined.

The connection between the geometry and topology of space and internal time
is examined in detail, its features are analyzed - multidimensionality, heterogene-
ity and the arrow of time. A criterion for estimating the dimension of emerging
stochastic fractal structures for the internal time of a three-body system is ob-
tained.
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Beyond the Hodge Theorem: curl and asymmetric pseudodifferential
projections
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We develop a new approach to the study of spectral asymmetry. Working with
the operator curl := ∗d on a connected oriented closed Riemannian 3-manifold,
we construct, by means of microlocal analysis, the asymmetry operator — a scalar
pseudodifferential operator of order−3. The latter is completely determined by the
Riemannian manifold and its orientation, and encodes information about spectral
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asymmetry. The asymmetry operator generalises and contains the classical eta
invariant traditionally associated with the asymmetry of the spectrum, which can
be recovered by computing its regularised operator trace. Remarkably, the whole
construction is direct and explicit, and does not involve analytic continuation or
algebraic topology.

This is joint work with Matteo Capoferri (Heriot-Watt University).
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Maximal functions on graded Lie groups
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In this talk, we review criteria for the boundedness of lacunary and of full
maximal functions on graded Lie groups.

Joint work with Michael Ruzhansky and Julio Delgado.

23



Almost everywhere convergence for Malmquist Takenaka series
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The Malmquist-Takenaka (MT) system is a complete orthonormal system in
H2(T) generated by an arbitrary sequence of points an in the unit disk with

∑
n(1−

|an|) = ∞. The point an is responsible for multiplying the nth and subsequent
terms of the system by a Möbius transform taking an to 0. One can recover the
classical trigonometric system, its perturbations or conformal transformations, as
particular examples of the MT system. However, many interesting choices of the
sequence an, the MT system is less understood. We prove almost everywhere
convergence of the MT series for three different classes of generating sequences
(an).
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On the divergence of subsequences of partial Walsh-Fourier sums
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A class of increasing sequences of natural numbers (nk) is found for which there
exists a function f ∈ L[0, 1) such that the subsequence of partial Walsh-Fourier
sums (Snk

(f)) diverges everywhere. A condition for the growth order of a function
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φ : [0,∞) → [0,∞) is given fulfillment of which implies an existence of above type
function f in the class φ(L)[0, 1).

On the issues of modeling the elimination of deadlock situations and
synchronization problems using Petri nets

Goharik Petrosyan

petrosyan gohar@list.ru

Schmidt Institute of Physics of the Earth of the Russian Academy of Sciences,
Moscow, Russia

Petri nets are a modeling mechanism that allows you to describe both the pos-
sible states of a system and its possible actions. A Petri net consists of four
elements: P - a set of positions, T - a set of transitions, I - an input function,
and O - an output function. Positions describe the state, and transitions describe
the actions taking place in the network. The network structure is a quartet of ele-
ments C = (P, T, I, O), where P and T are finite sets of positions and transitions.
The input function I maps a transition t to a set of input positions, I(tj), and the
output function O maps a transition t to a set of output positions, O(tj), i.e., a
transition can have both input and output positions, including repetitions.

In this talk, we study some issues of modeling synchronization problems using
Petri nets. The features of synchronous and asynchronous models are shown. The
problem of dining philosophers is modeled with the help of Petri nets. The con-
structed model incorporates the concept of priority, which helps to avoid possible
deadlocks in the system. With the help of Colored Petri Nets, the well-known
synchronization problem about smokers is modeled, revealing certain features of
Colored Petri Nets in relation to actions and semaphores. Additionally, unlike the
classical Petri Net, this network contains fewer transitions and positions, thereby
reducing the required memory.
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The talk is based on a joint work with Andrey Avetisyan.
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An analogue of the idea of Riemann surfaces in differential geometry
and real analysis
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In short, the idea is to establish relationships between the surfaces M in R3

and some complex functions w(z) assocciated with M ; accordingly the idea is to
apply complex functions w(z) in studying surfacesM . In particular, real functions
u(x, y) also constitute a surface; thus the idea also applies to real functions.

In some ways, this idea is similar to the idea of Riemann surfaces.
Application of this idea leads to some results in differential geometry. In partic-

ular, analogues of the main theorems of classical Nevanlinna theory (in complex
analysis) are obtained that are valid for generalized minimal surfaces (in geome-
try).

We also pose some problems that, in my opinion, can lead to a new crossroads
between complex analysis, differential geometry and real analysis.
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On the convergence sets of operator sequences on spaces of
homogeneous type

Grigori Karagulyan
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Let f = {fk(x), k = 1, 2, . . .} be an infinite sequence of real functions. Denote
by C(f) ⊂ R the convergence set of this sequence, i.e. the set of points x ∈ R
such that lim fn(x) exists. A classical theorem of Hahn-Sierpinski asserts that if
the functions {fn} are continuous, then C(f) is a Fσδ-set, and conversely, every
Fσδ-set is a convergence set for a sequence of continuous functions.

Such characterization problems were commonly considered in many fields of
analysis such as Fourier series, analytic functions on the unit ball, power series,
differentiation theory and there are many published papers and open problems,
some of which will be considered in the last section.

We obtain complete characterization theorems for certain operator sequences
living in general spaces of homogeneous type. Those generalize the results of [1,2],
where the operators were considered on the interval [0, 1]. By a quasi-distance on
a set X we mean a non-negative function d(x, y) defined on X ×X such that

1. d(x, y) = 0 if and only if x = y,

2. d(x, y) = d(y, x) for any x, y ∈ X,

3. d(x, y) ≤ K(d(x, z) + d(z, y)),

where K > 0 is a constant. Let µ be measure on a σ-algebra in X, containing all
Borel sets and balls, such that

µ(B(x, 2r)) ≤ Cµ(B(x, r)) <∞.

Such a combination (X, d, µ) is called a space of homogeneous type.
Definition. The distance of two sets A and B in a space of homogeneous type

X will be denoted by
dist(A,B) = inf

x∈A, y∈B
d(x, y)

The notation A ⋐ B will stand for the relation dist(A,Bc) > 0. Note that A ⋐ B

implies Bc ⋐ Ac.
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Let L1(X) denote the space of Lebesgue integrable functions on a space of ho-
mogeneous type (X, d, µ) and suppose thatM(X) is the normed space of bounded
measurable functions on X with the norm ∥f∥M = supx∈X |f(x)|. We consider
sequences of linear operators

Un : L1(X) →M(X), n = 1, 2, . . . ,

which may have some of the following properties

P1) ρn = ∥Un∥L1→M <∞, n = 1, 2, . . .,

P2) ϱ = supn ∥Un∥L∞→M <∞,

P3) if f ∈ L1(X) is constant on an open set G ⊂ X, then Un(x, f) uniformly
converges over any set E ⋐ G.

P4) if G ⊂ X is an open set with µ(G) < ∞, then Un(x, IG) → IG(x) almost
everywhere as n→ ∞.

Theorem. If an operator sequence Un satisfies P1)-P4), then for any Gδσ

null-set E ⊂ X and any ε > 0, there exists a function f ∈ L∞(X) such that

1) µ(suppf) < ε,

2) Un(x, f) diverges at any x ∈ E,

3) Un(x, f) → f(x) if x ∈ X \ E.
Applications of this theorems in different context will be considered. Related

paper [3] will also be discussed.
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Group Theoretical Principles and the use of the Banach Gelfand Triple

Hans G. Feichtinger
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Classical (Abstract) Harmonic Analysis is dealing with specific orthogonal ex-
pansions (Fourier series) over a specific locally compact Abelian group G. Engi-
neers distinguish between continuous or discrete, periodic or non-periodic (mean-
ing well decaying) functions, which is more or less the same. However, real signals
are much more diverse, and thus methods of time-frequency analysis (localized
Fourier transform), or Gabor Analysis (in its discretized form) has been devel-
oped in the last decades. The treatment of the natural problems arising there
(convergence of double series consisting of non-orthogonal elements, in short frame
theory) requires other function spaces than just the usual Lp-spaces. As it turned
out the Segal algebra S0(G) (Feichtinger’s algebra) and its dual S∗

0(G), the space
of mild distributions, provide the appropriate setting for many questions, even
outside of time-frequency analysis. Together with the Hilbert space L2(G) they
form a chain of spaces, with S0 in L2 in S∗

0 , the so-called Banach Gelfand Triple.
We will restrict our attention to G = Rd (Euclidean case).

Among others all three spaces are invariant under the (extended) Fourier trans-
form, and there is a kernel theorem, allowing to identify the space of bounded linear
operators from S0(Rd) to S∗

0(Rd) with elements (so-called “kernels”) in S∗
0(R2d).

But there is also the description of such operators via the so-called spreading rep-
resentation or alternatively (connected via the symplectic Fourier transform) the
Kohn-Nirenberg symbol (both belonging to S∗

0(R2d) as well).
We will concentrate on group theoretical considerations which help to under-

stand how to approximate the Fourier transform of a function in S0(R) with the
help of FFT-based methods, or how one can verify that a given function g ∈ S0(Rd)
generates a (good) Gabor frame, i.e. a system that allows to write each f ∈ L2(Rd)
as an unconditionally convergent series of time-frequency shifted copies of the given
Gabor atom g.

29



Delaunay triangulation in numerical solution of two-dimensional
boundary value problems

Hayk Sukiasyan
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The popular method for numerical solution of some problems of mathematical
physics is the finite elements method. This method needs a mesh of triangles. The
convergence rate of iteration process of numerical solution of the problem by the
finite elements method depends on geometrical configuration of the mesh.

We prove the following extremal property: Let M be a triangular mesh with
set of knots K. Denote by S(M) the sum of cotangents of interior angles of all
triangles from M .

Theorem 1. For any fixed set of knots K, the sum S(M) as a function on
mesh M reaches his minimum for Delaunay triangulation.

Using this extremal property, the theorem is obtained, that for any fixed knots
set, for numerical solution of Maxwell equation of magnetic field the optimal mesh
is Delaunay triangulation.
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Constraint Maps
(Overview & Recent Developments)
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I will discuss, at a heuristic level, constraint maps that minimize Dirichlet en-
ergy, potentially with a forcing term. Specifically, I will focus on their optimal
smoothness and the resulting free boundary. Although the study of these maps
began in the 1970s and saw further development in the 1980s, it was later ne-
glected. Our recent research has revived this theory, offering deeper insights and
uncovering intriguing connections between solution singularities and free bound-
aries.

This is based on joint works with A. Figalli (ETH), A. Guerra (ETH), S. Kim
(Uppsala)
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On q2-analogue of the one-dimensional non-homogeneous heat equation
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In this paper, we discuss the q2-analogue of non-homogeneous heat equation in
one-dimension. Namely, we consider non-homogeneous heat equation for Rubin’s
difference operator. Well-posedness results are presented in appropriate Sobolev
type spaces. In particular, we show that the heat equation generated by Rubin’s
difference operator have unique solutions. We even show that these solutions can
be represented by explicit formulas.

On typical and atypical asymptotic behavior of singular solutions to
Emden–Fowler Type Equations

Irina Astashova

ast.diffiety@gmail.com

Department of Mechanics and Mathematics, Lomonosov Moscow State University
Higher School of Cybertechnology, Mathematics and Statistics, Plechanov

Russian University of Economics

Consider the equation

y(n) = p(x, y, y′, . . . , y(n−1))|y|k sign y, (4)

where n ≥ 2, k > 1, p is a positive, continuous and Lipschitz continuous in the
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last n variables function. Consider also a special case of (4), namely

y(n) = p0 |y|k sgn y (5)

with p0 > 0.

We discuss the problem posed by I.Kiguradze (see [1, Problem 16.4]) on asymp-
totic behavior of all positive non-extensible (so-called ”blow-up”) solutions to this
equation. It appears for n = 2 (see [1]), n = 3, 4 (see [2]), that if p(x, y1, y2, . . . , yn−1)
tends to p0 as x → x∗ − 0, y0 → ∞, · · · , yn−1 → ∞, then all such solutions have
the power-law asymptotic behavior

y(x) = C(x∗ − x)−α(1 + o(1)), x→ x∗ − 0, (6)

with α = n
k−1 , C =

(
α(α+1)...(α+n−1)

p0

) 1
k−1

.

The same is true for weakly super-linear equations.
Theorem 1. ([3]) Suppose p ∈ C(Rn+1)

⋂
Lipy0,...,yn−1

(Rn) and p→ p0 > 0 as
x → x∗, y0 → ∞, . . . , yn−1 → ∞. Then for any integer n > 4 there exists K > 1
such that for any real k ∈ (1, K), any solution to equation (1) tending to +∞ as
x→ x∗ − 0 has the power-law asymptotic behavior (3).

In the case n ≥ 12 even if we deal with equation (2), another type of asymptotic
behavior of singular solutions appears (see [3, 4, 5]).

If we have more strong nonlinearity, then the power-law asymptotic behavior
becomes atypical. The following theorem generalizes the results of [6]:

Theorem 2. If 12 ≤ n ≤ 100000, then there exists kn > 1 such that at
any point x0 ∈ R the set of initial data of asymptotically power-law solutions to
equation (2) has zero Lebesgue measure whenever k > kn.

Acknowledgement. The research was partially supported by Russian Science
Foundation (scientific project 20-11-20272).
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Fractional Fourier transform, harmonic oscillator propagators and
Strichartz estimates
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Using the Bargmann transform, we give a proof of that harmonic oscillator
propagators and Fractional Fourier Transforms (FFT) are essentially the same. We
deduce continuity properties for such operators on modulation spaces, and apply
the results to prove Strichartz estimates for the harmonic oscillator propagator
when acting on modulation spaces. We also show that general forms of fractional
harmonic oscillator propagators are continuous on suitable on so-called Pilipović
spaces and their distribution spaces. Especially we show that FFT of any complex
order can be defined, and that these transforms are continuous on strict Pilipović
function and distribution spaces.

The talk is based on a joint work with Divyang Bhimani and Ramesh Manna.
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On harmonic Bergman type projections on
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We study the boundedness of Bergman (type) projection operators T that con-
tinuously map weighted Lebesgue and some more general mixed norm spaces
L(p, q, α) onto their harmonic subspaces h(p, q, α) for suitable parameters. A
necessary and sufficient condition is found for the operators T to be bounded on
mixed norm spaces L(p, q, α) over the unit ball in Rn. To this end, we first de-
fine harmonic reproducing kernels Pα of Poisson–Bergman type given by a version
of fractional derivative, and next prove sharp lower estimates for the kernels Pα

and their mixed norms. Then we turn to mixed norm Besov spaces and define
three-parameter Besov spaces Λp,q

α of smooth functions over the unit ball in Rn.
A new family of Bergman type operators is constructed whose members are true
bounded projections from the Besov space Λp,q

α onto its harmonic subspace hΛp,q
α .
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Integral transform approach to solving partial differential equations
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In the talk, we present an integral transform approach to solving partial dif-
ferential equations with variable coefficients such as generalized Tricomi, Euler-
Poisson-Darboux equations, and Dirac and Klein-Gordon equations of quantum
field theory in some curved space-times of cosmology. We briefly review some
early results obtained by that approach, such as the fundamental solutions to the
generalized Tricomi equation, the Klein-Gordon equation, the Dirac and general-
ized Dirac operators, the Huygens’ and incomplete Huygens’ principles, and the
problem of the existence of global in time solutions for equations in curved space-
times. Then we present the new results obtained by that approach for equations
in space-times of cosmological models with black holes.
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Error identity for variational problems with linear differential
operator and smooth tensor
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For an approximated solution of a variational problem (VP), the question arise:
“How close to the exact solution it actually is?” To answer that, one can use
so called functional a posteriori estimate. It’s a powerful tool since it imposes
no restrictions on the method of approximation. Theoretic results and explicit
computation for the biharmonic VP can be found in paper [1]. For the class of
monotonous operators, a form of the a posteriori identity was recently obtained
in [2].

In gaining a posteriori estimates, the so called “error identity” (EI) plays a
huge role. It describes the distance between the exact solution and an arbitrary
function from the corresponding set. In the talk, we will discuss possible ways
of getting the EI for problems with linear differential operators and additional
smooth tensor. We will also provide a suitable form of the error identity. These
results continue the study started in [3].

This research was sponsored by the Russian Science Foundation, project No. 24-
11-00073.
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On the Convergence of Negative-Order Cesaro Means of Fourier and
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It is well known that the sequence of partial sums of the trigonometric series
of a function contains a subsequence that converges almost everywhere. In this
context, Menshov posed the following problem: does this assertion hold if we
move from conventional convergence to Cesàro summation methods of negative
order? In other words, will the sequence of Cesàro means of negative order of the
Fourier series of an integrable function contain an almost everywhere convergent
subsequence?

In [1], he constructed an example of an integrable function giving a negative
answer to the above question. In [2], we proved that the ”bad” functions can
be chosen from C[−π, π) (C[−π, π)- is the class of all functions continuous on
[−π, π)).

For the trigonometric system, the following theorems are established:
Theorem 1 There exists a function g ∈ C[−π, π) such that for an arbitrary

increasing sequence of natural numbers {mk}∞k=0 and for each α ∈ (−1,−1
2), we

have

mes

{
x ∈ [−π, π] | lim sup

k→∞
|σαmk

(x, g)| = +∞
}
> 0.

Theorem 2 There exists a set Λ = {mk}∞k=0 of natural numbers with density
ρ(Λ) = 1, such that for any positive number ε and for each f ∈ L0[−π, π), one can
find a function g ∈ C[−π, π] satisfying mes{x ∈ [0, 1] | f(x) ̸= g(x) < ε} such that
for any α < 0 (excluding α = −1,−2,−3, . . .), both the Cesàro means σαmk

(x, g)
and the partial sums Sk(x, g) of the trigonometric Fourier series of function g

converge uniformly on [−π, π] as k → ∞.

In [3], we give an example of a Fourier-Walsh series of a continuous function
for which any subsequence of (C, α) means, where α ∈ (−1,−1

2), diverges on a
set of positive measure. We investigate the possibility of obtaining convergence
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of a subsequence of negative order Cesàro means of Fourier series of summable
functions in L∞[0, 1)-norm, after modifying these functions on a set of arbitrarily
small positive measure.

Moreover, the following theorem is obtained:
Theorem 3 There exists an increasing sequence of positive integers Λ = {mk}∞k=0

of natural numbers with density ρ(Λ) = 1 and a function U ∈ L1[0, 1) such that:

a) The coefficients of the function U with respect to the Walsh-Paley system
{Wk(x)}∞k=0 are positive and arranged in descending order.

b) For each function f ∈ L0[0, 1) and for any ε > 0, one can find a function g ∈
C[0, 1) such that mes{x ∈ [0, 1) | f(x) ̸= g(x) < ε}, and both the subsequence
of Cesàro means σαmk

(x, g) of order α < 0, α ̸= −1,−2,−3, . . ., and the partial
sums Sk(x, g) of the Fourier series for the function g with respect to the Walsh
system uniformly converge to it on [0, 1) as k → ∞.

c) |
∫ 1

0 g(x)Wk(x)dx| =
∫ 1

0 U(x)Wk(x)dx for k ∈ spec(g).
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In this work, we consider the bending problem of a beam of length l with variable
thickness, subjected to a uniformly distributed load.

Using the modified theory of plate bending [1], we derive a mathematical de-
scription of the physical problem of beam bending.

Thus, a mathematical model for the plate bending problem is constructed, rep-
resented by a system of two differential equations with variable coefficients, with
the unknown functions W and ϕ. Depending on the type of support at the ends
of the plate, the boundary conditions are also determined.

The resulting system of differential equations has the following form:


−8h(x)dϕ(x)dx − 16dh(x)

dx ϕ(x) = 12q,

E((h(x))2
d3w(x)

dx3
) + (2Eh(x)

dh(x)

dx

d2w(x)

dx2
)− (Ea55(h(x))

2d
2ϕ(x)

dx2
)−

− (2Ea55h(x)
dh(x)

dx

dϕ(x)

dx
) + 8ϕ(x) = 0

(1)

Performing a variable substitution, we transition to dimensionless quantities,
where the dimensionless x coordinate ranges from 0 to 1.

We assume that there is an additional support in the middle of the beam,
denoted by the dimensionless coordinate xm which also belongs to the interval [0,
1]. The boundary conditions considered are:

W (0) = 0, d2w(x)
dx2 = 0 at x = 0,

W (xm) = 0, d2w(x)
dx2 = 0 at x = xm,

W (1) = 0, dw(x)
dx = 0 at x = 1,

(2)
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To solve the system of differential equations, we used the method of collocation.
We searched for the unknown functions

W (x) =

{
W1(x), x ∈ [0, xm]

W2(x), x ∈ [xm, 1]

and ϕ(x) in the form:

W = a0 +
n∑

i=1

aix
i, ϕ = b0 +

n∑
i=1

bix
i

where W and ϕ are polynomials, and the coefficients ai and bi are unknown
[2]. Using the derived differential equations and boundary conditions, we created
a system of linear equations with respect to the unknown coefficients. By solving
this system, the functions W (x) and ϕ(x) were determined.

Depending on the position of the additional support, i.e., the value of the dimen-
sionless coordinate xm, the maximum value of the function W (x) was calculated
for W1(x) in [0, xm] and W2(x) in [xm, 1]. An analysis of the obtained numerical
values was performed, and the optimal value of xm was determined to minimize
the expression min |max(W1(x))−−max(W2(x))|.
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On the universal property of double Fourier series
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In [1] we construct an integrable function of two variables for which the double
Fourier-Walsh series converges both by rectangles and by spheres and it is proved
that after a suitable choice of signs for the Fourier coefficients of the series the
spherical partial sums of the obtained series are dense in Lp[0, 1)2, p ∈ (0, 1).

The following theorem is true:
Theorem 1. There exist numbers {δk,j = ±1}∞k,j=0 and a function U ∈ L1[0, 1)2

with supp(U) ⊂ [0, ε]2 (here ε ∈ (0, 1) is a given number) such that the Fourier
series of U by the double Walsh system converges to U both by rectangles and by
spheres. Besides, the coefficients of the series on the spectrum are positive and are
arranged in decreasing order in all directions, and the spherical and rectangular
partial sums of the series

∞∑
k,j=0

δk,jck,j(U)Wk(x)Wj(y)

are dense in Lp[0, 1)2, p ∈ (0, 1),
(here ck,j(U) are the Fourier-Walsh coefficients of function U that is, ck,j(U) =∫ 1

0

∫ 1

0 U(t, τ)Wk(t)Wj(τ)dtdτ (k, j = 0, 1, 2, ...).

Note that this theorem is in a sense final, since there is no integrable function
of two variables for which the spherical and rectangular partial sums of the double
Fourier-Walsh series would be dense in Lp[0, 1)2, p ∈ (0, 1).

Note also that S.V. Konyagin answering (see [2]) a question raised by Martin
Grigoryan proved:

Theorem 2. (Konyagin). There exists no function U ∈ L1[−π, π)d, d > 1,
whose Fourier series in the d-dimensional trigonometric system is universal over
rectangles in Lp[−π, π)d, p ∈ (0, 1). At the same time, the following theorem
holds:
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Theorem 3. (Grigoryan [3]). For any p ∈ (0, 1), d ≥ 2, there exists a
function U ∈ L1[−π, π)d, that is almost universal over rectangles and spheres alike
for the class Lp[−π, π)d, p ∈ (0, 1), with respect to the d-dimensional trigonometric
system.

It turns out that each measurable function which is finite almost everywhere
can be transformed into an almost universal function by changing its values on a
set of arbitrarily small measure (see [4]).

Note that the Theorems 1-3 are true for the d-dimensional Walsh system.
This is a joint work with Martin Grigoryan.
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On Large Deviation Principle for Tapered Quadratic Functionals of
Stationary Gaussian Processes
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In this talk we discuss the large deviation principle (LDP) for some important
time series statistics. We present sufficient conditions that ensure LDP for ta-
pered Toeplitz type quadratic functionals and forms of discrete and continuous
time stationary Gaussian processes, as well as for the log-likelihood ratio of two
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stationary Gaussian distributions.

Wavelet Frames on the Space of M-positive Vectors
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Federal University

Wavelets on the sets of M -positive vectors in the Euclidean space are studied.
These sets are multidimentional analogs of the half-line in the Walsh analysis. Fol-
lowing the ideas of the Walsh analysis, the space ofM -positive vectors is equipped
with a coordinate-wise addition. Harmonic analysis on this space is also similar to
the Walsh harmonic analysis, and the Fourier transform is such that there exists a
class of so-called test functions (with a compact support of the function itself and
of its Fourier transform). Tight wavelet frames consisting of the test functions are
studied. A complete description of the masks generating such frames is given, and
an algorithmic method for constructing them is developed. These frames may be
useful for applications to signal processing because some examples of such systems
on the half-line were already investigated in this aspect, and it appeared that they
have an advantage over classical wavelet systems when used for processing fractal
signals and images.
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This is a joint work with Morteza Fotouhi and Henrik Shahgholian; [1]. For a
given constant λ > 0, any 1 < p < ∞, and a bounded Lipschitz domain D ⊂ Rn

(n ≥ 2), we establish that almost-minimizers of the functional

J(v;D) =

∫
D

m∑
i=1

|∇vi(x)|p + λχ{|v|>0}(x) dx, (7)

where v = (v1, · · · , vm), and m ∈ N, exhibit optimal Lipschitz continuity in
compact sets of D. Furthermore, assuming p ≥ 2 and employing a distinctly
different methodology, we tackle the issue of boundary Lipschitz regularity for
v. This approach simultaneously yields alternative proof for the optimal local
Lipschitz regularity for the interior case.

Our objective is to expand upon the findings presented in the recently published
work [2], which addresses the local Lipschitz regularity of almost-minimizers in the
context of Equation (7). Specifically, we aim to extend these results to cover any
value of p within the range of 1 < p < ∞ in a vectorial setting. It’s worth
noting that the outcomes reported in [2] were limited to the parameter range
where p > max

{
2n
n+2 , 1

}
and m = 1. Our approach for establishing the Lipschitz

continuity of almost-minimizers will differ from the methodology employed in [2].
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In this talk we will give a review of the notion of very weak solutions and its
applications, mostly for evolution equations with singular time-dependent coeffi-
cients.

A framework on generalised Fock spaces

Paula Cerejeiras
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Department of Mathematics University of Aveiro

We consider pairs of weighted shift operators on a weighted l2 space with weights
associated with an entire function. When considered as operators over a general
Fock space the commutators of these pairs of weighted shift operators are diag-
onal operators. We establish a calculus for the algebra of these commutators.
As examples, we present the general case of Gelfond-Leontiev derivatives. This
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construction allows us to establish a general framework, which goes beyond the
classic Weyl-Heisenberg algebra.

Inversion of the two data spherical radon transform using local data

Rafik Aramyan
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Russian-Armenian University, Yerevan

Hyperplane is a set of non-injectivity of the spherical Radon transform (SRT)
in the space of continuous functions in Rd. The, problem arises: to find an addi-
tional condition that allows one to reconstruct an unknown function f ∈ C(R3)
(not necessarily with compact support), using the spherical Radon transform over
spheres centered on a plane. It is proved that this problem is equivalent to the
injectivity of the following so-called two data spherical Radon transform.
Given a continuous function f ∈ C(R3) for (P, t) ∈ {z = 0} × (0,∞) we define

Tf(P, t) =
1

4π

∫
S2
(1 + i cos θ)f(P + tω) dω, (8)

here (θ, φ) = ω ∈ S2 is the spherical coordinates of ω (θ ∈ [0, π] is the polar angle
measured from the z-axis) and we integrate with respect to the surface Lebesgue
measure on S2.

An inversion formula of the transform that uses the local data of the spherical
integrals to reconstruct the unknown function is found. Such inversions are the
mathematical base of modern modalities of imaging, such as Thermo and photoa-
coustic tomography and radar imaging, and have theoretical significance in many
areas of mathematics.
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On directionally differentiable selections of set-valued mappings with
convex, closed graphs
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A basic result on the existence of continuous selections concerning the case of
lower semi-continuous mappings with closed convex images is the Michael theorem.
In the paper we prove theorems that are more precise than the Michael theorem
for certain classes of set-valued mappings.

Let a : Rn → 2R
m

be a set-valued mapping. The graph of a is defined as follows

graph(a) = {(x, y) ∈ Rn ×Rm : y ∈ a(x)}.

Suppose a : Rn → 2R
m

, then a selection for a is a single valued mapping y : Rn →
Rm such that y(x) ∈ a(x) ∀x.

Theorem. Let a : Rb → 2R
m

be a set-valued mapping with convex, closed
graph which is defined in a neighborhood U(x0) of a point x0 ∈ Rn. Let (x0, y0) ∈
graph(a). Then there are a constant L > 0 and directionally differentiable selec-
tion y of a, defined in some neighborhood V (x0) ⊂ U(x0), such that

y(x0) = y0, ||y(x1)− y(x2)|| ≤ L||x1 − x2||1/2 ∀x1, x2 ∈ V (x0).
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We are given a hypersurface C ⊂ R3 with the Lipschitz boundary Γ := ∂C,
containing angular points c1, . . . , cn. The surface is divided by a finite num-
ber of curves T1, . . . , Tm in non-intersecting domains C1, . . . , Cm+1 and in each
domain Ck is given Laplace-Beltrami equation with lower order perturbations
∆Cu + Pk(D)u = fk, k = 1, . . . ,m + 1. The Dirichlet, Neumann and mixed
type BVPs are considered on the outer boundary Γ, while on curves T1, . . . , Tm
are prescribed transmission conditions. The BVP is treated in a non-classical
setting, when solutions are sought in the generic Bessel potential spaces with ex-

ponential weights GHs
p(C, ρ), s > 1/p, 1 < p < ∞, ρ(t) :=

n∏
j=1

|t − cj|βj . First we

get rid of transmission conditions and transmission curves and reduce problem to
the Fredholm equivalent Boundary Integral Equation (BIE) on the boundary of
the surface Γ = ∂C. Second we apply the localization and reduce the obtained
BIE to the investigation of the Model BIE corresponding to Dirichlet, Neumann
and mixed BVPs for the Laplace equation in a planar angular domains Ωαj

⊂ R2,
j = 1, 2, . . . , n, associated to the angular points c1, c2, . . . , cn. Third is investigated
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the model BIE in the generic Bessel potential spaces with weight GHs
p(Ωαj

, tβj).
For this we reduce further the BIE to a Fredholm equivalent Mellin convolution
integral equations in the generic Bessel potential spaces on a semi-infinite axes
with weight GHs−1/p

p (R+, tβj). Explicit criteria of Fredholm property of the initial
BVPs are obtained. In contrast to the same BVPs in the classical Bessel poten-
tial spaces Hs

p(C), the Fredholm property in the generic Bessel potential spaces
GHs

p(C, ρ) with weight is independent of the smoothness parameter s. We also list
explicit singularities of solutions to the mixed-transmission BVP in the neighbour-
hood of knots, where boundary has angular points or Dirichlet-Neumann boundary
conditions collide.

The presentation is based on the joint work with Medea Tsaava.

On Behavior of Fourier Coefficients by trigonometric System
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The present talk is devoted to studying the behavior of Fourier coefficients with
respect to the trigonometric system of integrable functions.

Several papers (see [1]-[5]) have been devoted to correction theorems in which
the absolute values of non-zero Fourier coefficients (by Haar Walsh and Faber-
Schauder systems) of the corrected function decrease monotonically.

In [1] M. Grigoryan posed the following question:

Question. Is it possible for any function f ∈ L1[0, 1] and for any ε > 0 to find
a function g ∈ L1[0, 1] such that µ{x ∈ [0, 1] : f(x) ̸= g(x)} < ε and the sequence
of coefficients (or magnitudes of coefficients) in the expansion of the function g in

50



the trigonometric system would be monotonically decreasing?

In this direction, we obtained the following result:
Theorem. For any 0 < ε < 1 and for each function f ∈ L1[−π, π], there exists

a measurable set E ⊂ [−π, π] with measure |E| > 2π− ε such that one can find a
function g ∈ L1[−π, π] which coincides with f on E, and the sequence of Fourier
coefficients of the newly obtained function with respect to the trigonometric system
is in decreasing order.

This is a joint work with Martin Grigoryan.
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Let T = R/2πZ, d ≥ 2, and µd be the normalized Lebesgue measure on Td. Let
p > 0 and Lp(Td) be the set of measurable functions f : Td → C such that

∥f∥pp :=
∫
Td

|f(x)|pdµd <∞.

For f ∈ Lp(Td) we consider that ∥f∥p ≥ 0. For p ≥ 1 ∥ · ∥p is a norm. Also, we
write L(Td) = L1(Td).

We associate with any function f ∈ L(Td) its trigonometric Fourier series

f ∼
∑
k∈Zd

f̂(k) exp(ikx),

where k = (k1, . . . , kd) ∈ Zd, x = (x1, . . . , xd) ∈ Td, kx = k1x1 + · · ·+ kdxd. For a
bounded subset A ⊂ Rd we define partial Fourier sums of f with respect to A

Sa(f)(x) =
∑

k∈Zd∩A

f̂(k) exp(ikx),

We say that a sequence {Aj}j≥1 of subsets of Rd is absorbing if for any k ∈ Zd

and any j ≥ j(k) we have k ∈ Aj.
Theorem 1 Let {Aj} be an absorbing sequence of bounded convex subsets of

Rd. Then there are a function f ∈ L(Td) and an increasing sequence {jν}ν≥1 of
positive integers such that

lim
ν→∞

|SAjν
(f)(x)| = ∞

almost everywhere.
Theorem 2 Let p ∈ (0, 1) and {Aj} be a sequence of bounded convex subsets of

R2. Then the following conditions are equivalent:
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1) there is r ∈ N such that for any j ∈ N the set Aj is covered by r parallel lines;

2) there is r ∈ N such that for any j ∈ N the set Aj is covered by r lines;

3) there is c > 0 such that for any j there is a line lj
|Z2 ∩ lj ∩ Aj| ≥ c|Z2 ∩ Aj|; such that |Z2 ∩ lj ∩ Aj| ≥ c|Z2 ∩ Aj|;

4) there is a constant C > 0 such that for any j∥∥∥∥∥∥
∑

k∈Z2∩Aj

exp(ikx)

∥∥∥∥∥∥
1

≤ C log(|Z2 ∩ Aj|+ 1);

5) there is a constant C > 0 such that for any f ∈ L(Td) the inequality ∥SAj
(f)∥p ≤

C∥f∥1 holds;

6) there is no function f ∈ L(T2) and no increasing sequence {jν}ν≥1 of positive
integers such that

lim
ν→∞

|SAjν
(f)(x)| = ∞

almost everywhere.

For any d ≥ 2, the conditions 1)–6) in Theorem 2 can be considered for sets
Aj ⊂ Rd with R2 replaced by Rd and Z2 replaced by Zd. The implications 1) →
2) → 3), 2) → 4), and 5) → 6) are obvious. The implication 6) → 4) is known.
We show that the implication 2) → 5) holds. However, for d = 3 the implications
2) → 1), 3) → 2), 4) → 2), and 4) → 6) do not hold. We do not know if the
implications 4) → 3) and 6) → 2) always hold.
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By a space we mean a separable metric space X. An involution is a continuous
map f : X → X such that f ◦ f = IdX . An involution is called free if it has no
fixed points, i.e., f(x) ̸= x, ∀x ∈ X. An involution is called based-free if it has a
unique fixed-point.

The main goal of this talk is to provide a brief summary of recent results on
free and based free involutions, published in the papers [2] and [3].

For Hilbert space ℓ2 we denote by σ the standard based-free involution σ : ℓ2 →
ℓ2 given by the formula σ(x) = −x. Let B denote the unit ball in ℓ2, that is,
B := {x ∈ ℓ2 | ∥x∥ ≤ 1}. We prove that for every space (X, τ) with a based-
free involution, the equivariant maps (X, τ) → (B, σ) separate points and closed
sets in X. That is, given a closet set A ⊂ X and a point x ∈ X \ A, there
exists an equivariant map f : (X, τ) → (B, σ) such that f(x) /∈ f(A). Here,
the equivariantness of f means that it commutes with the given involutions, i.e.,
f(τ(x)) = σ(f(x)) for all x ∈ X.

This is applied to show that (ℓ2, σ) is universal in the sense that for each (X, τ)
there exists an equivariant topological embedding (X, τ) ↪→ (ℓ2, σ). Similarly, we
prove that the unit sphere S = {x ∈ ℓ2 | ∥x∥ = 1}, endowed with the standard
free involution x 7→ −x, is universal for all spaces X with a free involution τ :
X → X. Another universal space with a free involution is the punctured Hilbert
cube [−1, 1]∞ \ {0} endowed with the natural free involution x 7→ −x.

We also investigate equivariant free and based-free compactifications and will
present two new characterizations of based-free compactifications. It turns out
that S has no free compactification, while ℓ2 has no based-free compactification.
We will explain why the countable product of real lines R∞, endowed with the
standard involution x 7→ −x, is not universal for all based-free spaces. At the
same time we will show that R∞ is universal for those based-free spaces which
admit a based-free compactification.

This is a joint work with Jan van Mill (University of Amsterdam, The Nether-
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lands) and James E. West (Cornell University, USA).
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On the uniformly greedy universal functions with respect to the
generalized Walsh system
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Let a ≥ 2 be a fixed integer, and let ωa = e2πi/a. The generalized Walsh system
of order a defined as follows: ψ0(x) = 1, and for any natural namber n, with
n =

∑s
k=1 βka

mk, where m1 > m2 > ... > ms, 0 < βk ≤ a− 1, we put

ψn(x) =
s∏

k=1

(φmk
(x))βk ,

where

φ0(x) = ωk
a for x ∈

[
k

a
,
k + 1

a

)
, k = 0, 1, ..., a− 1,

and φn(x+ 1) = φn(x) = φ0(a
nx) for any n ≥ 1.

We denote the generalized Walsh system of order a as Ψa. Note that Ψ2 is the
classical Walsh system, and the system Ψa is a special case of the Vilenski system.

For a given function f ∈ Lp[0 , 1 ), where p ≥ 1, we denote the Fourier coeffi-
cients of f with respect to the system Ψa as ck(f). The spectrum of a function
f(x) (denoted as spec(f)) is the set of indices for which the coefficients ck(f) are
nonzero, i.e., spec(f) = {k ∈ N, ck(f) ̸= 0}.
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Definition. The m-th greedy approximant of an element f ∈ Lp[0, 1), p ≥ 1,
with respect to the system Ψa is defined as the following sum:

Gm(f, ϕ) =
∑
k∈Λ

ck(f)ϕk, (9)

where Λ ⊂ 1, 2, . . . is an arbitrary set of indices of cardinality m that satisfies the
condition: |cn(f)| ≥ |ck(f)| if n ∈ Λ, k /∈ Λ.

We say that the greedy algorithm for a function f ∈ Lp[0, 1], p ≥ 0, converges
with respect to Ψa if the sequence Gm(x, f) converges to f(t) in the Lp norm.
Some results about the greedy algorithm for the generalized Walsh system can be
found in [1] - [3].

The following statement holds:
Theorem. There exists a function U ∈ L1[0, 1) with the following property:

for any 0 < ϵ < 1 and any function f ∈
⋂

p>1 L
p[0, 1), we can find a function f̃ ∈⋂

p>1 L
p such that |x ∈ [0, 1) : f̃ ̸= f | < ϵ, the greedy algorithm for the function f̃

with respect to the system Ψa, a ≥ 2, converges uniformaly on [0, 1) and |ck(f̃)| =
ck(U) for all k ∈ spec(f̃).≥ 2.

Similar issues in the L1[0, 1) case are considered in [1].
The present study was conducted with the financial support of the Commit-

tee for Science of the Republic of Armenia within the framework of the scientific
project N 21AG-1A066.
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Some results in two-phase free boundary problem
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In this work we study minimizers of the energy functional∫
Ω

|∇u|2 + 2F (u)dx,

where F ′(u) ≈ |u|q log u for some −1 < q < 0. Existence, optimal decay and non-
degeneracy of solutions, from free boundary points are investigated. Consequently
we derive the porosity property of the free boundary.
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From Harmonic Analysis to Machine Learning
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This talk explores the machine learning (ML) challenge of foreign accent conver-
sion (FAC), a special speech processing problem, within the context of real-time
applications. We provide a concise introduction to core ML concepts, highlighting
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its role in speech processing. A brief overview of digital signal processing (DSP)
techniques for audio manipulation is also included.

We then delve into established FAC approaches, analyzing their strengths and
weaknesses, particularly regarding their suitability for real-time scenarios. This
analysis highlights the critical limitations of high parameter counts and extensive
algorithmic lookahead that impede practical implementation.

We propose a novel FAC solution specifically designed to address these limi-
tations, enabling real-time operation. Our approach prioritizes efficient parame-
ter usage and restricted algorithmic lookahead, making it suitable for resource-
constrained environments.

Finally, we establish objective evaluation metrics for FAC tasks and present the
performance results achieved by our model.
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An uncertainty principle for operators

Sundaram Thangavelu

veluma@iisc.ac.in

Department of Mathematics, Indian Institute of Science, Bangalore

We consider an irreducilble unitary representation ρλ of the twisted Heisenberg
group Hn

λ = Cn × Cn × R realised on the twisted Fock space Fλ(C2n). To each
element φ ∈ Fλ(C2n) we can define two types of operators: Sλ

φ, which commute

with all ρλ(a, b), (a, b) ∈ Rn, and S̃λ
φ, which commute with all ρλ(ia, ib), (a, b) ∈ Rn.

Regarding the simultaneous boundedness of these operators on Fλ(C2n) there is
a very interesting uncertainty principle: for any non-constant φ ∈ Fλ(C2n) at
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least one of these operators is unbounded. This is proved by using an analogue of
Hardy’s theorem for the Weyl transform.
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The presentation is devoted to the investigation of stationary mean-field games
(MFGs) on the torus with Lipschitz non-homogeneous diffusion and logarithmic-
like couplings. The primary objective is to understand the existence of C1,α solu-
tions to address the research gap between low-regularity results for bounded and
measurable diffusions and the smooth results modeled by the Laplacian.

We use the Hopf–Cole transformation to convert the MFG system into a scalar
elliptic equation. Then, we apply Morrey space methods to establish the existence
and regularity of solutions. The introduction of Morrey space methods offers a
novel approach to address regularity issues in the context of MFGs.
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Grothendieck-Lidskii formulae in hypercomplex analysis
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The classic Grothendieck-Lidskii formula provides a connection between the
trace and Fredholm determinant and the spectrum of a Fredholm operator. Un-
fortunately, linear algebra over non-commutative structures like Quaternions and
Clifford algebras is quite different from classic linear algebra and, consequently,
the classic formula does not hold in this case. In this talk we will discuss the dif-
ficulties and show how a type of Grothendieck-Lidskii formula can be established
in these cases.

Approximate Controllability of PDEs Using Degenerate Forces

Vahagn Nersesyan
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NYU Shanghai

In this talk, we will review some recent results on the controllability of PDEs
using degenerate forces. In the case when the control force acts in the whole do-
main, we will see how approximate controllability can be established by applying
large finite-dimensional controls on small time intervals through a carefully cho-
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sen scaling. We will also discuss some results where PDEs are controlled using
degenerate forces applied only in a small region of the domain.

This talk is partially based on joint works with Manuel Rissel.
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Let Rn(n ≥ 2) be the n-dimensional Euclidean space, D ⊂ Rn be a bounded
convex body with inner points and Vn be n-dimensional Lebesgue measure in Rn.
The function C(D, h) = Vn(D∩(D+h)), h ∈ Rn, is called the covariogram of D.
Here D + h = {x + h, x ∈ D}. G. Matheron conjectured that the covariogram of
a convex body D determines D within the class of all convex bodies, up to trans-
lations and reflections ( see [2] or [3]). Denote by Sn−1 the (n − 1)-dimensional
sphere of radius 1 centered at the origin in Rn. We consider a random line which is
parallel to u ∈ Sn−1 and intersects D, that is a random line from the following set:
Ω(u) = {lines which are parallel to u and intersect D}. Let Πru⊥D the orthogo-

61



nal projection of D on the hyperplane u⊥(u⊥ is the hyperplane with normal u and
passing through the origin). A random line which is parallel to u and intersects D
has an intersection point (denote by x) with Πru⊥D. We can identify the points
of Πru⊥D and the lines which intersect D and are parallel to u. The last means,
that we can identify Ω(u) and Πru⊥D. Assuming that the intersection point x
is uniformly distributed over the convex body Πru⊥D we can define the following
distribution function:

F (D, u, t) =
Vn−1{x ∈ Πru⊥D : V1(g(u, x) ∩D) < t)}

bD(u)
.

The function F (D, u, t) is called orientation-dependent chord length distribution
function of D in direction u at point t ∈ R1, where g(u, x) - is the line which is
parallel to u and intersects Πru⊥D at point x and bD(u) = Vn−1(Πru⊥D) (see [1]
or [5]). We can introduce every vector h ∈ Rn by h = tu, where u is the direction
of h, and t is the length of h. Let u ∈ Sn−1 and t > 0 such that D ∩ (D + tu)
contains inner points. Then C(D, u, t) is differentiable with respect to t and it
holds that

−∂C(D, u, t)
∂t

= (1− F (D, u, t)) · bD(u)

i.e. the problem of determining bounded convex domain by its covariogram is
equivalent to that of determining it by its orientation dependent chord length
distribution. In R3 two types of orientation-dependent cross-section distributions
can be considered. First is the probability that the random chord generated by
intersection of the spatial line with the domain has length less than or equal to
given number. In the second case random planes and their intersections with the
domain are observed. The main goal is to enlarge the class of domains for which
the form of the orientation dependent chord length distribution function and the
cross-section area distribution function are known (see [4] or [6]).
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In this talk, I will discuss the famous Stein-Weiss inequality, also known as the
weighted Hardy-Littlewood-Sobolev inequality, in the framework of non-compact
symmetric spaces of any rank. As an application, we will show that several
weighted functional inequalities, such as Heisenberg’s uncertainty principle, Gagliardo-
Nirenberg’s interpolation inequality, Pitt’s inequality, etc., become available in this
context. If time permits, we will also discuss some applications of these inequalities
to partial differential equations.

This will be based on my joint works [1] and [2] with Aidyn Kassymov (Ghent
University), Michael Ruzhansky (Ghent University), and Hong-Wei Zhang (Pader-
born University).
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